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Abstract—The nonlinear characteristic of an RF front-end
results in in-band distortion and spectral regrowth of digitally
modulated signals with distortion being dependent on the statistical variation of the signal. In this paper, the interaction of the
nonlinear response with the signal is explored using a time-averaged autocorrelation analysis applied to several limiter-amplifier
models having characteristics ranging from soft-to-hard amplitude limiting. The analysis is verified by comparing measured and
predicted adjacent channel power rejection for a code-division
multiple-access amplifier.
Index Terms—Adjacent channel interference, adjacent channel
power ratio (ACPR), autocorrelation function, bandpass nonlinearity, behavioral models, cellular radio, code-division multiple-access (CDMA) signal, code division multiple access, complex
Gaussian process, correlation, correlation theory, digital radio,
digital radio system, digital signals, digitally modulated carrier,
Gaussian processes, limiting amplifier, limiting-amplifier model,
microwave amplifiers, modulation, nonlinear amplifier, nonlinear
distortion, nonlinear transformation, quadrature input signal, RF
envelope model, spectral analysis, spectral regrowth, statistical
analysis.

I. INTRODUCTION

D

ISTORTION of digitally modulated communication
front-end circuits is dependent on the amplitude variation
characteristics of the input signal and the nonlinear input/output
characteristics of the circuits. Circuit-dependent distortion is
investigated in this paper by examining several limiting amplifier models with characteristics ranging from soft-to-hard
limiting. Hard limiting amplifiers were found to generally produce significantly less distortion than soft limiting amplifiers.
However, the distortion characteristics of hard limiters exhibit
signal-dependent notches due to partial cancellation between
higher and lower order intermodulation-distortion products.
The depth of cancellation and input amplitude where distortion
cancellation occurs is dependent on the nonlinearity and the
amplitude variation characteristics of the input signal.
The impact of amplifier nonlinearity and of signal amplitude
characteristics on output distortion are investigated by first developing a time-averaged autocorrelation analysis of the output
carrier envelope. This analysis results in a decomposition of the
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output power spectrum into a summation of distinct spectral
components. Each spectral component is in terms of elements of
the underlying nonlinear process and of the input signal leading
to relationships among the output spectrum, nonlinear model
parameters, and characteristics of the input signal. The output
spectrum is a summation of spectral terms, each of which is
described by a unique combination of coefficients of the nonlinear model and of the Fourier transform of an autocorrelation term of the input signal [1]. Grouping spectral terms yields
information on gain-compression/expansion and intermodulation-distortion characteristics, which are not directly observable
from the Fourier transform of the output time-domain waveform
[2]–[4].
This paper presents a time-averaged autocorrelation analysis
of a modulated carrier passed through a wireless nonlinear
circuit modeled by a complex power-series behavioral model.
Such a model has proven to be adequate for modeling a bandpass
nonlinear system with digitally modulated signals [5]. The timeaverage autocorrelation function of the output complex envelope
is formulated, and the output power spectrum is obtained
from the Fourier transformation of the autocorrelation function.
Spectral regrowth, adjacent channel power ratio (ACPR), and
gain-compression analysis results are compared for five limiter
amplifier models. Finally, the complex gain characteristic of a
code-division multiple-access (CDMA) amplifier is measured
and modeled as a complex power series. The model is used to
calculate the output power spectrum when a CDMA mobile
station and a complex Gaussian input signals are applied to the
circuit. Measured and predicted ACPR results are compared
and shown to be in excellent agreement.
II. BANDPASS NONLINEARITY MODELING
The nonlinear response of a circuit generates distortion terms
at harmonics of the carrier. However, only intermodulation-distortion terms centered at the carrier frequency determine adjacent channel interference and signal waveform quality. Here
we present an overview of bandpass nonlinearity analysis of a
modulated carrier passed through a complex power-series-based
behavioral model of a nonlinear wireless circuit. This yields a
model for the transfer function (of the first harmonic response)
in terms of the complex envelope of the input signal. The analysis is then applied to several analytical limiter models commonly used in modeling communication systems.
A. Bandpass Nonlinearity
A wireless digital communication signal is most commonly
generated by a quadrature modulator, as shown in Fig. 1.
In-phase and quadrature carrier signals are mixed with two
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the carrier frequency are obtained from a binomial expansion of
(3) using (1) as the input
(4)
The output response at the fundamental frequency can also be
[8]
defined as a function of the complex envelope
Fig. 1.

Block diagram of quadrature modulator and bandpass nonlinearity.

input signals representing the in-phase and quadrature components of the data. The mixed signals are then summed to form
the modulated carrier.
This “classic” transmitter front-end architecture is used in
most wireless communications applications, and we will now
analyze the response of a nonlinear amplifier to the signals it
generates. Consider the complex envelope representation of an
with carrier freamplitude and phase modulated carrier
quency as follows:

(1)

(5)
where
(6)
This expression describes the complex envelope of the first
harmonic of a modulated carrier signal passed through a bandpass nonlinear circuit described by a complex power series.
These coefficients provide a describing function representation
of the nonlinearity [9]. We will now use these results to derive
the large-signal fundamental response of some well-known
nonlinear amplifier models.
C. Limiter Amplifier Models

where the complex envelope is
(2)
with
and
being the in-phase and quadrature components of the modulation and
.
The modulated carrier signal is applied to a nonlinear
where the AM–AM
circuit with a gain characteristic
and AM–PM nonlinearities respond instantly to amplitude
changes from the modulated carrier signal [6]. As a result,
so-called “memory effects,” including thermal time constants,
low-frequency biasing effects, and “slow” carrier trapping and
de-trapping are ignored. In communication system analysis, the
is most commonly represented
envelope transfer function
by an analytical model or power-series expansion of a function
with amplitude-limiting characteristics.
B. Complex Power-Series Models

The hyperbolic tangent function is a convenient function,
which is often used for simple modeling of the limiting behavior
of amplifiers. It also describes the large-signal low-frequency
response of a bipolar transistor differential pair amplifier
(7)
where is the linear gain and is the limit value of the output
signal. One drawback of the hyperbolic tangent function is that
the “sharpness” of the transition from the linear to the limiting
characteristic of the model is fixed in relation to the gain and
cannot be adjusted without introducing additional parameters.
Another popular behavioral limiter model, which permits independent control of gain, limiting value, and the sharpness of
the transition characteristic is the Cann model [10] given by
(8)

A complex power-series expansion can be used to model both
the instantaneous AM–AM and AM–PM characteristics

(3)
where
are the complex power-series coefficients.
The use of complex coefficients in the power series provides the
necessary degrees of freedom to represent both the AM–AM
and AM–PM properties of a nonlinear gain characteristic [7].
The complex power-series coefficients are obtained by either a
Taylor series expansion of a nonlinear function or a least squared
error fit of the series coefficients to a measured, simulated, or
derived complex gain characteristic for the device-under-test
(DUT). Distortion terms from the model that are centered about

where is the small-signal gain, is the limit value of the output
signal, and controls the sharpness of the transition from linear
to limiting. One drawback to the Cann limiter model is that it
exhibits derivative behavior that leads to nonphysical behavior
of the intermodulation products for different values of [11].
The power-series coefficients for (7) and (8) may be obtained
from a Taylor series expansion of each function. However, the
range of validity of a Taylor series expansion about a single
point is too small to adequately represent an amplifier operating
near the gain-compression region. Alternatively, a least squares
fit of the power-series coefficients to the limiter response provides a wider range of validity that extends several decibels
into the gain-compression region of the limiter response. A least
squares fit of odd order 23, 12 coefficients, was applied to each
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where

(12)
The output power spectrum is obtained from the Fourier
transform of the output autocorrelation function

(13)
Fig. 2. Carrier gain characteristics of Cann and hyperbolic tangent
power-series limiter models.

of the nonlinear carrier transfer functions. An order of 23 was
selected as a tradeoff between the range of validity and computational ease. A plot of the carrier gain characteristics from each of
the power-series models is shown in Fig. 2. These curves can be
used to estimate the gain-compression characteristics and range
of model validity for differing values for the Cann or hyperbolic tangent models.
III. AUTOCORRELATION ANALYSIS OF DISTORTION
We will now use time-averaged autocorrelation analysis to
derive expressions for the spectrum of a digitally modulated
signal passed through a bandpass nonlinearity. The analysis
is performed on several different analytical limiting amplifier
models, and the output spectrum and ACPR are calculated as a
function of output power.
The output autocorrelation function of the nonlinear model is

where

In general, there are
autocorrelation and spectral
odd order power-series exterms in the expansion for an
pansion. For a particular modulation input signal, the individual
autocorrelation and spectrum terms are computed only once and
stored in a file. At run time, the spectral components are read,
then scaled by the power-series coefficients and input power
level, and summed to yield the output spectrum.
The output spectrum terms can be separated into distinct
groups describing different nonlinear effects. For instance, the
spectral terms correlated to the input signal represent the gain
expansion or compression of the desired signal at the output,
while all other terms represent the uncorrelated nonlinear
distortion about the carrier. The gain compression or expansion
terms from (13) are

(9)
(14)

where, from (6),

while the nonlinear distortion terms from (13) representing the
spectral regrowth are

(10)
Expanding (9) by substituting (10) leads to the output autocorrelation function

(11)

(15)

IV. SPECTRAL RESULTS
Spectral analysis of the limiter models requires evaluation of
(13) using the least squares fitted power-series model for each
precomputed spectral terms. The
limiter and the
spectral terms are computed by evaluating the
autocorrelation terms using discrete estimates of (11) from a
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Fig. 4.

Spectrum components from autocorrelation analysis.

Fig. 5.

Total output power spectrum at 6 dBm for each limiter model.

Fig. 3. Flowchart for power-spectrum calculation.

time-domain realization of the input signal [8], then taking the
fast Fourier transform (FFT) of each correlation term, and finally saving all the spectral terms in a single file. The power of
the input signal used to generate the spectral file is normalized
to a convenient value, in this case, 0 dBm or 1 mW, such that
the power of each spectral term is simply scaled by the ratio of
the desired input power to the normalized input power raised to
the appropriate power of the spectral term

(16)
where the subscript
denotes the normalized input power
of the spectral term. The output spectrum is calculated by summing the product of the scaled spectral terms from (16) by the
. A flowcorresponding power-series coefficient
chart of the spectral calculation is shown in Fig. 3. A sweep
over the
of the input power is easily performed by sweeping
power range of interest and recalculating the sum of spectral
terms.
A. Spectral Analysis
These results can be used to efficiently calculate the output
spectrum of a nonlinear system once the autocorrelation of
the input signal and the nonlinear power-series coefficients
are determined. An example plot of the composite, gain compression/expansion, and distortion power spectrums for the
hyperbolic tangent limiter model are shown in Fig. 4. The
power spectrum for the gain-compression/expansion terms from
(14) is nearly identical to the spectrum of the input signal.
The out-of-band spectrum of the composite signal is limited
to approximately 70 dBc by the finite rejection of the CDMA
baseband finite impulse response (FIR) filter, as indicated in
the plot, where the composite and gain-compression/expansion
spectrums converge around 3 MHz. However, the distortion
spectrum, from (15), clearly shows the distortion that lies underneath the finite rejection of the input signal baseband filter.

The distortion spectrum also reveals the in-band distortion,
which is normally “hidden” by the desired signal when viewing
the composite power spectrum. In-band distortion is important
for determining signal waveform quality factor degradation
[12] in nonlinear amplifiers.
A composite plot of the output power spectrum for each of
the limiter models described in Section III, with a CDMA IS-95
reverse link input signal and an output power of 6 dBm, is shown
in Fig. 5. For equal output power, the out-of-band distortion
is highest for the softer limiter models like the Cann
and hyperbolic tangent models, and lowest for models with a
sharper nonlinear transition. These curves can be very useful
in predicting CDMA ACPR and waveform quality factor for
an amplifier whose gain has been approximated by a Cann or
hyperbolic tangent model.
B. Power-Sweep Analysis
Power-sweep characterization of ACPR is important for
understanding the nonlinear behavior of a transmitter circuit.
Typically, much of the design effort is spent optimizing ACPR
performance at the maximum output power specification in
an effort to maximize efficiency, while meeting the ACPR
specification limits. An input power sweep was performed
from 50 to 5 dBm in 0.5-dB steps to obtain an ACPR
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Fig. 6. Adjacent channel power at 885-kHz offset for limiter models.

as a function of output power for each of the models. The
ACPR results are shown in Fig. 6 for a distortion offset of
885 kHz, as defined for the adjacent channel measurement in
the IS-95 CDMA specification [13].
There are notable differences in the ACPR produced by
the different models. The hyperbolic tangent and Cann
models both exhibit a 2 : 1 ACPR slope, which is expected for
most class-A or class-AB amplifiers where the third-order term
and
dominates the distortion. However, the Cann
models exhibit steeper slope at high output power, indicating higher order nonlinear terms dominating the distortion
characteristic. Notches in the ACPR response indicate partial
cancellation between nonlinear terms. The location of the notch
is dependent on the sharpness of the limiter function. Sharper
limiter functions provide cancellation at higher output power
levels.
Input signal amplitude characteristics also play an important
role in determining the intermodulation characteristics. Signals
with higher peak-to-average power ratio (PAR) generally require more input power backoff to achieve the same intermodulation-distortion performance as a signal with lower PAR [14].
Three signals with distinctly different amplitude characteristics
were used to investigate the signal-dependent intermodulation
characteristics of two nonlinear models. The first is a CDMA
reverse-link signal with a modest PAR of 5.4 dB. The second
is a complex Gaussian signal with a Rayleigh amplitude distribution with a PAR of 11.8 dB. The complex Gaussian signal is
an approximate model for orthogonal frequency division multiplexing (OFDM) signals [15] used in wireless local area network (WLAN) systems. The third signal has a real Gaussian
amplitude distribution with a PAR of 13.8 dB. ACPR results for
each signal applied to the Cann
and models are shown
in Fig. 7. Signals with higher amplitude variation yield higher
distortion. Notably, the notch locations for the
case occurs at lower input power levels and with a shallower depth for
signals with higher amplitude variation.
In summary, it appears that hard limiting results in lower
overall adjacent channel power than a soft-limiting front-end.
There is an exception in cases where distortion is reduced at
lower power levels due to cancellation effects between various
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Fig. 7. ACPR for three input signals applied to two limiter models.

Fig. 8. CDMA gain-compression characteristic.

distortion components. The effect is signal dependent and is related to amplitude distribution of the input signal. Nevertheless,
it is seen that tailoring of the nonlinear response to a particular
communication signal will result in reduced adjacent channel
distortion at higher input powers.
C. Gain Compression
The gain-compression characteristic of a nonlinearity is also
important [16]. The CDMA gain-compression characteristic is
measured by comparing the difference in input power and output
power for the desired CDMA signal channel. A plot of CDMA
gain compression is shown in Fig. 8. The CDMA gain compression is more significant for models with a softer nonlinear
transition compared to models with a sharper transition.
Real and complex bandpass Gaussian waveforms have significantly wider amplitude variation than sinusoidal or CDMA
waveforms so the gain with these signals should compress at
a lower input signal level than a CDMA signal. Similar to the
CDMA compression results, the complex Gaussian gain compression is more significant for models with a softer nonlinear
transition compared to models with a sharper transition. A comcompression point
parison of the CDMA input referred
to the sinusoidal compression results for the nonlinear models
is shown in Table I. The wider amplitude variations of the
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TABLE I
GAIN COMPRESSION FOR DIFFERENT INPUT SIGNALS

TABLE II
COMPLEX POWER SERIES COEFFICIENTS FOR 835-MHz CDMA AMPLIFIER

real Gaussian signal contribute more to the gain compression,
resulting in a 3.0–3.5 dB lower input referred compression
point compared to a CDMA signal. Interestingly, the complex Gaussian signal has approximately 1.5 dB higher input
compression point than the real Gaussian signal. The input
compression points could not be accessed for the Cann
limiter model for the real Gaussian signal because
the dynamic range of the power-series fit is not wide enough
to accommodate the 13-dB peak-to-average ratio of the input
signal at 1-dB gain compression.
V. MEASUREMENTS
The general time-average autocorrelation function and the
complex Gaussian moment methods were used to calculate the
output power spectrum and ACPR of an integrated RF amplifier
with CDMA and complex Gaussian input signals. The DUT
is a 835-MHz CDMA driver amplifier device fabricated using
a GaAs MESFET technology [17]. The device is a two-stage
amplifier designed to provide 23.4 dB of power gain, in a 50system, and meet CDMA ACPR specification requirements at
an output power of 8 dBm. A vector network analyzer, with
a built in power-sweep function, was used to measure the
AM–AM and AM–PM over an input power range of 25 to
2 dBm. The measured AM–AM and AM–PM characteristics
using
were fit to a complex power series of odd order
a least squares solution. The resulting complex power-series
coefficients are shown in Table II and a plot of the power-series
model and measured data are shown in Fig. 9.
A carrier modulated with an IS-95 CDMA reverse-link signal
is applied to the amplifier circuit and the output distortion measured using a spectrum analyzer. Specifically, an Agilent ESG
series signal generator with the capability to generate an IS-95
CDMA signal was used as the signal source and an Agilent
vector signal analyzer (VSA) was used to measure ACPR. The
VSA equipment has built-in measurement routines to measure
ACPR for specified offsets to the carrier frequency. ACPR is
the ratio, in decibels, of the distortion power, in a 30-kHz bandwidth offset by 885 kHz, and the desired channel power, in
a 1.23-MHz bandwidth, as defined in the IS-95 Standard [13].
The measured and calculated ACPR is shown in Fig. 10. The

Fig. 9. Modeled and measured AM–AM/AM–PM response for a CDMA
amplifier.

Fig. 10.

Measured and calculated ACPR for CDMA reverse-link signal.

ACPR was calculated using the general time-average correlation function formulation for the gain-compression/expansion
terms (14), the distortion terms (15), and the power-series coefficients from Table II. The simulated ACPR results using the
composite of the gain compression/expansion (14) and distortion terms (15) agree well with the measured data shown Fig. 10.
The ACPR plateaus at lower output power because of the finite
rejection of the CDMA baseband filter used by the waveform
generator.
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Fig. 11.

Measured and calculated ACPR for a complex Gaussian input signal.

A complex Gaussian signal was also used to measure ACPR
to compare against both the complex Gaussian moment [8]
and the time-average autocorrelation formulations. The ACPR
measurements along with the predicted ACPR from both the
complex Gaussian moment and time-average autocorrelation
formulations are shown in Fig. 11. The measured and predicted
ACPR are in good agreement below an output power level of
11 dBm. Both the complex Gaussian moment and time-average
autocorrelation formulations deviate from the measured data
above 11 dBm because of the limited dynamic range of the
complex power-series model of the nonlinear amplifier.

VI. CONCLUSION
An efficient and accurate method for analyzing the power
spectrum of modulated carriers passed through a nonlinear wireless circuit has been presented. The method is based on formulating the time-average autocorrelation function for a signal
passed through a complex power-series behavioral model of the
AM–AM and AM–PM characteristics of a wireless amplifier.
The power spectrum of the signal is obtained via the Fourier
transformation of the output autocorrelation function leading to
terms for an th odd-order powera summation of
series expansion of the nonlinearity. Autocorrelation analysis
was applied to limiter amplifier models leading to insight into
the distortion process. The analysis was validated by comparing
ACPR results from the model with measured data from a CDMA
amplifier.
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